We discuss the quantization of Pais-Uhlenbeck oscillator in oscillatory and degenerate regimes. The double frequency limit is analyzed. It is shown that in this limit, if properly performed, the whole spectrum of degenerate Hamiltonian is recovered.
I Introduction
The higher-derivative theories appeared for the first time in attempt to regularize the ultraviolet divergencies of quantum field theories [1] . Another common context where the theories with higher-derivative terms are considered are the effective low-energy Lagrangians; here such terms appear as a result of integrating out the high energy degrees of freedom.
Finally, quite recently higher-derivative (even infinite-derivative) Lagrangians appeared in noncommutative field theories (for earlier reviews see [2] ). If one models the basic space-time noncommutativity with the help of commutative space-time endowed with Moyal product the nonlocal (generally both in space and time) Lagrangians emerge naturally.
There arise serious problems when higher-derivatives theories are viewed as fundamental ones. These concern unitarity and causality and are related to the existence of ghosts. Some of these problems are only indirectly related to infinite number of degrees of freedom or nontrivial interactions. Therefore, it seems profitable to study the simple linear model of one degree of freedom. Such a model was proposed already by Pais and Uhlenbeck [1] . Their paper contains in principle the complete classical and quantum theory, including indefinite-metric quantization (ghosts). However, some issues seem to call for a more detailed discussion. This includes path-integral formulation [3] and the double-frequency limit [4] ÷ [7] . The latter problem is important because taking such a limit is considered by some authors as a way of constructing a viable quantum theory for degenerate Pais-Uhlenbeck model.
The trouble with the limiting procedure is that the spectrum of the Hamiltonian changes drastically when frequencies of quartic oscillator coincide. For differing frequencies the Hamiltonian is the difference of two commuting pieces, both having purely discrete spectrum. On the other hand, the degenerate Hamiltonian consist of two commuting pieces, one having purely discrete spectrum and the second with purely continuous spectrum. This makes limiting procedure slightly involved. It has been even arqued [4] ÷ [7] that the double-frequency limit can be only understood in terms of general Jordan decomposition. However, it will be shown that taking properly into account the qualitative change of energy spectrum one recovers both the spectrum and eigenvectors of degenerate Hamiltonian.
The paper is organized as follows. In Sec.II we discuss the quantization of PaisUhlenbeck Hamiltonian. For differing frequencies we describe two versions of quantum theory: with positive metric and energy unbounded from below and with indefinite metric and nonnegative energy. Our discussion is mainly based on the original paper [1] ; in particular, we show that the indefinite metric version indeed leads to purely imaginary quantization of one of the frequencies. Sec.III is devoted to the problem of taking the double frequency limit. It is first taken for wave functions and then on the abstract level. The latter limiting procedure is considered purely formally; however, it wouldn't be difficult to fill gaps in the reasoning. Sec.IV is devoted to some concluding remarks. In particular, we indicate that it is rather unlikely that the limiting procedure helps in formulating a viable quantum theory for degenerate Hamiltonian based on indefinite metric in the space of states.
II Quantum Theory of Pais-Uhlenbeck oscillator.
Pais-Uhlenbeck quartic oscillator [1] is described by the Lagrangian
Its behaviour depends on actual values of parameters ω and λ. In what follows we keep m and ω fixed while varying λ. The relevant equation of motion reads
with
For large λ (λ > In order to quantize our theory one has to put it first in Hamiltonian form. This can be achieved within Ostrogradski formalism [8] , [9] . It is well known [10] , [11] , [12] that the Ostrogradski procedure is essentially a form of Dirac method for constrained theories. In our case one finds [13] , [4] ÷ [6] the following canonical variables
together with the Hamiltonian
Quantization can be now performed in the standard way by imposing the commutation rule
There is no ordering problem in defining the quantum HamiltonianĤ. In what follows we shall consider the algebra generated byq ′ s andΠ ′ s as fixed once forever and study the Hamiltonian as a function of λ.
We shall now study the energy spectrum of the Hamiltonian (5). First of all let us note that in the whole range of λ (except λ = 0 ) the energy depends on single combination of two quantum numbers. More precisely, we always need two quantum numbers to label all eigenstates; this includes also the doubly degenerate case λ = 1 4ω 2 . To see this one can argue as follows. Our Hamiltonian system given by eqs. (4) and (5) is classically integrable. This is easily seen [14] by considering the solutions to classical equation of motion: the amplitudes for both frequencies are expressible as quadratic functions of q and its first three time derivatives, i.e., by virtue of eqs. (4), as quadratic functions of canonical variables ( this is also the case, with some care excercised, for doubly-degenerate case). Further, it is not difficult to check that this situation survives quantization. In fact, this result is contained in the original paper of Pais and Uhlenbeck [1] where the relevant operators are explicitly given for all cases.
Consider now the range 0 < λ <
To make the structure of the Hamiltonian transparent we perform the following canonical transformation (cf.
Note that the above transformation becomes singular in the doubly degenerate limit λ → 1 4ω 2 . In term of new variables the Hamiltonian takes particularly simple form
The eigenvectors ofĤ are uniquely determined (up to a phase factor) by two nonnegative integers n 1 , n 2
The spectrum ofĤ is simple provided
is irrational; for rational
(superintegrable case) there is a degeneracy. The wave functions in the coordinate representation read
where
. The spectrum ofĤ, as given by eq. (9), is unbounded from below. One gets positive energy spectrum by admitting indefinite metric in the space of states. To this end we consider the space of states endowed with the positive-definite scalar product (·, ·) and define the "physical" scalar product with the help of metric operator η
Denoting by " ⋆ " the hermitean conjugate with respect to the scalar product · | · one finds for any operatorÂ.Â
Let a i , a + i be the creation/anihilation operators constructed out ofx i ,p i ,
We define
Then
we find thatx
are hermitean (with respect to "+" conjugation) and
Therefore, the spectrum ofĤ is now positive definite
The "physical" subspace is spanned by the vectors | 2n 1 , n 2 .
Let us now consider the degenerate case λ = 1 4ω 2 . To reveal the structure of the Hamiltonian we define new variablesQ i ,P i by [1] 
Eq.(20) defines a λ independent canonical transformation. In terms of new variables the Hamiltonian takes a particularly simple form
Again, it is a sum of two commutating pieces: the first proportional to the angular momentum operator while the second represents the length ofˆ Q squared. Therefore, the energy is the sum of discrete and continuous parts and depends on the combination of two quantum numbers.
In what follows we find it convenient to use the momentum representation:
. Let us define the polar coordinates in momentum space by P 1 = P cos Θ, P 2 = P sin Θ. Then
the spectrum and normalized eigenfunctions read
III Taking the equal frequency limit
We shall now consider the limit λ → 1 4ω 2 . This is slightly subtle due to the fact that the spectrum of the Hamiltonian changes in this limit from discrete into continuous one. Let us put
The energy spectrum (9) can be rewritten as
In the limit ε → 0 + the energy seems to be given by the formula
This is, however, not the case. We should take into account that the limiting Hamiltonian has a continuous spectrum given by eq.(24). Therefore, the proper way of taking the limit is to let n 1 , n 2 → ∞ in such a way that
are fixed. We shall show that, indeed, by considering this limiting procedure one recovers the wave functions (23) of degenerate Hamiltonian. This will be demonstrated both on the level of wave functions and the abstract one. Let us note that we cannot take the equal frequency limit directly. This is due to the fact that the very coordinate representation becomes singular in this limit as is clearly seen from eq.(7). On the other hand, the momentum representation based on P 1 ,P 2 (cf. eqs. (22), (23)) is always well-defined. Therefore, the first step will be to rewrite our wavefunctions (10) in momentum representation. To this end we writeP 1 andP 2 in terms ofx ′ i s andp ′ i s. By virtue of eqs. (7) and (20) we find
It is now straightforward to find the relevant transition functions x 1 , x 2 | P 1 , P 2 by solving the corresponding eigenvalue equationŝ
Using eqs.(29) one obtains
This allows us to pass to the momentum representation
Doing one integration with the help of delta function one arrives at the following rather complicated expression:
In principle, the last integral could be also taken. However, this is not necessary. We can take the limit ε → 0 + directly in eq. (33). In this limit
Keeping dominant terms in eq.(33) one finds
The last integral is taken explicitly yielding [15]
(for definiteness we have assumed here n 1 ≥ n 2 ; the opposite case goes along the same way). Now, it is easy to take the limit ε → 0, n 1,2 → ∞ with n ≡ n 2 − n 1 and
fixed. Using Stirling formula and the asymptotic form of Laguerre polynomials [15] we arrive finally at the following result
By comparying eq. (36) and (23) we conclude that by taking the limit of equal frequencies in the way prescribed above we recover the wavefunctions of degenerate Hamiltonian. To complete the arguments let us only note that the additional √ ε factor comes from the fact that the discrete eigenfunctions have unit norm while the norm of limiting one is infinite. In order to make our discussion complete we will now show how the limiting procedure can be performed on the abstract level without addressing to coordinate representation. First, let us write out the cannonical transformation relating the variablesx i ,p i (eq. (7)) andQ i ,P i (eq. (20)). It readŝ
In order to find the unitary operator corresponding to the above transformation we definer
Our aim is to write out the unitary transformarion leading from (r i (1),ŝ i (1)) to (x i ,p i ).
It is the composition of two transformations: first one rescalesQ 1 →Q i √ ε ,P i →P i √ ε which leads to (r i (ε),ŝ i (ε)) while the second readŝ
It is now quite easy to write the relevant unitary operator U:
As a next step we introduce new anihilation/creation operators c i , c
Taking into account the additional rescaling resulting from the difference in frequencies entering definitions of a i (eq. (13)) and c i one finds
Finally, we need the Hamiltonian (5) for the degenerate case λ = 1 4ω 2 expressed in terms of c i , c 
The eigenstates | n 1 , n 2 can be written as
where a i | 0 = 0 = c i |0 , i = 1, 2.. Our aim is to find the form of W in the limit ε → 0. First, we note that
ln(
(c
Therefore, by virtue of eqs. (44) and (47) W ≃ e 
so that
It is convenient to get rid of the factor exp(c 
Assume for definiteness n 2 − n 1 ≡ n ≥ 0; then
It is now straightforward to take the limit (28) (see, however, below). Using the Stirling formula one finds
It is immediate to check that the state on RHS is the eigenstate of H ′ corresponding to the eigenvalue
as expected (cf. eq.(23)). The above reasoning is rather formal. For example, the operator exp(c + 1 c + 2 ) transforms normalisable states into generalized ones; moreover, all limits should be taken with great care in the sense of rigged Hilbert space. We shall not dwell on these problems because we have already given the derivation on the level of wave functions.
IV Final remarks
We have considered the double frequency limit in oscillatory regime of Pais-Uhlenbeck model. Contrary to some statements found in literature the limiting spectrum depends on two quantum numbers and coincides with that obtained by direct quantization of degenerate case. As long as the frequencies differ there are two alternative quantization schemes: one can have positive definite scalar product and indefinite energy or indefinite metric with positive definite energy. The form of the Hamiltonian in double frequency limit seems to exclude reasonable indefinite metric quantization scheme with positive energy. At least, it cannot be obtained by limiting procedure from the corresponding structure for nondegenerate system. To see this let us note that the key relations are given by eqs.(16). They imply, for example,
so, the relevant conjugation rules cannot be imposeded for ε = 0.
V Appendix
The following identity holds for all λ In order to prove it we define 
